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PSEUDO-DIFFERENTIAL OPERATORS IN A 
GELFAND-SHILOV SETTING 


MARCO CAPPIELLO AND JOACHIM TOFT 

Abstract. We introduce some general classes of pseudo differen¬ 
tial operators with symbols admitting exponential type growth at 
infinity and we prove mapping properties for these operators on 
Gelfand-Shilov spaces. Moreover, we deduce composition and cer¬ 
tain invariance properties of these classes. 


0. Introduction 


In this paper we study some classes of pseudo-differential opera¬ 
tors with ultra-differentiable symbols a(x, £) admitting suitable super¬ 
exponential growth at infinity. Operators of this type are commonly 
known in the literature as operators of infinite order and they have been 
studied in p] in the analytic class and in m in the Gevrey spaces in 
the case when the symbol has an exponential growth only with respect 
to £. A further step has been the formulation of a calculus of Fourier 
integral operators with symbols of infinite order and its application to 
hyperbolic Cauchy problems in Gevrey classes, see M- 

More recently, the first author developed a parallel global theory by 
considering symbols which admit exponential growth also with respect 
to x, namely 

|<9?<9fa(x,£)| < e l ^ l (a!)'*(/3!) ,/ (0 _w (a;) H ^ l e' ,(|!,!| ' +l€l * ) , (0.1) 


for every h > 0 and for some £ > 0, where /j, > 1 , v > 1 and s > fi+is—l, 
cf. [2j[3] • See also BUS! for similar results. 

A natural functional framework for symbols defined by (10.ip is given 
by the Gelfand-Shilov spaces <S s (R d ), introduced in j8], and defined as 
the spaces of all functions / G (^“(R^) which satisfy estimates of the 
form 


\ x Pd a f(x)\ 

SU P SU P \a+B\( < °° °’ 2 

a,|9eN<* xgr- e\ a +P\(a\p\) a 

for some constant e > 0. For s > 1 they represent a natural global 
counterpart of Gevrey classes. However, these spaces are actually de¬ 
fined also for | < s < 1, hence they are a good functional setting for 
operators with symbols admitting a stronger exponential growth than 
in (10.lib Together with these spaces, one can also consider their pro¬ 
jective version, namely the space E s (R (i ),s > | which is defined by 
requiring that (10.21) holds for every e > 0. 
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Nevertheless, the construction of a symbolic calculus in the case s < 1 
is a challenging problem, mainly because the elements of d> s (R tZ ) and 
E s (R d ) admit entire extensions in the complex domain satisfying suit¬ 
able exponential bounds, in this case. See [5] for details. In particular, 
for s < 1, <S s (R d ) and S s (R J ) lack compactly supported functions 
which play a fundamental role in the construction of a symbol starting 
from its asymptotic expansion. 

On the other hand, some results in this direction can be proved also 
in the quasi-analytic case s < 1 by using different tools than the usual 
micro-local techniques. In this paper we approach the study of pseudo¬ 
differential operators of infinite order on Gelfand-Shilov spaces with a 
method based mainly on the use of modulation spaces and of the short 
time Fourier transform. In Section [I] after recalling some basic prop¬ 
erties of the spaces «S s (R d ) and E s (R d ), we introduce several general 
symbol classes. In Section [2] we characterize these symbols in terms 
of the behavior of their short time Fourier transform. In Section [3] we 
deduce continuity on (S s (R d ) and E s (R d ), composition and invariance 
properties for pseudo-differential operators in our classes. 


1. Preliminaries 


In this section we recall some basic facts, especially concerning Gel¬ 
fand-Shilov spaces, the short-time Fourier transform, modulation spaces 
and pseudo-differential operators. 

In the following we shall denote by J^R^) the Schwartz space of 
rapidly decreasing functions on R rf together with their derivatives, and 
by ^'(R^) the corresponding dual space of tempered distributions. 


1.1. Gelfand-Shilov spaces. We start by recalling some facts about 
Gelfand-Shilov spaces. Let 0 < h,s,t G R be fixed. We denote by 
R d ) the Banach space of all / G C , 00 (R rf ) such that 

\ x Pd a f{x)\ 


CS 

°t,h 


= sup sup 


h\ a \ + \P\a.\ s f3V 


< oo, 


( 1 . 1 ) 


endowed with the norm (II.IF 

Obviously we have S^ h (H d ) '—>■ for any h, s, t with continuous 

embedding. Furthermore, if s, t > \ and h is sufficiently large, then 
Sf h contains all finite linear combinations of Hermite functions. Since 
such linear combinations are dense in R c/ ), it follows that the dual 
(iS f s ft )'(R d ) of S^ h (R d ) is a Banach space which contains for 

such s and t. 

The Gelfand-Shilov spaces 5j(R d ) and E^(R d ) are defined as the 
inductive and projective limits respectively of R d ). This implies 
that 


5,*(R J ) = U 

h> 0 


and E*(R J ) = f] S,' h (R d ), 

h> 0 


( 1 . 2 ) 
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and that the topology for 5 t s (R d ) is the strongest possible one such 
that the inclusion map from S^ h (H d ) to iS f s (R d ) is continuous, for every 
choice of h > 0. The space £ s (R cZ ) is a Frechet space with seminorms 
|| • Hs^, h > 0. Moreover, Ef(R d ) ^ {0}, if and only if s +1 > 1 and 
(s, t) ^ (|, |), and iS t s (R rf ) ^ {0}, if and only if s + t > 1. 

The spaces S% (R d ) and £f (R (Z ) can be characterized also in terms of 
the exponential decay of their elements, namely / G <S t s (R d ) (respec¬ 
tively / G £f(R d )) if and only if 

\d a f(x)\ <e' a| (a\ye~ hlx ^ 

for some h > 0, e > 0 (respectively for every h > 0, £ > 0). Moreover 
we recall that for s < 1 the elements of <S/(R d ) admit entire extensions 
to C d satisfying suitable exponential bounds, cf. [8j for details. 

The G elf and-Shilov distribution spaces (<S®)'( R d ) and (E^^R^) are 
the projective and inductive limit respectively of («S® /l ) , (R d ). This means 
that 

(5n'(R j ) = and (s*)'(R-b = cn>' 

h >0 h >0 

We remark that in [Hj it is proved that (iS t s )'(R^) is the dual of d> t s (R ci ), 
and (£*)'(R fZ ) is the dual of £*(R d ) (also in topological sense). 

The Gelfand-Shilov spaces possess several convenient mapping prop¬ 
erties. For example they are invariant under translations, dilations, and 
to some extent tensor products and (partial) Fourier transformations. 
For conveniency we set <S s (R d ) = <Sf(R d ) an d £ s (R d ) = £f(R d ), and 
similarly for their distribution spaces. 

The Fourier transform & is the linear and continuous map on ,/(R rf ), 
given by the formula 

WHO = m = (2ir )-i [ dx 

J R d 

when / G (R' / ). Here (•, •) denotes the usual scalar product on 
R d . The Fourier transform extends uniquely to homeomorphisms on 
tS'(R d ) and on E'^R 0 '). Furthermore, it restricts to homeomorphisms 
on 5 s (R d ) and on £ s (R a! ). 

Some considerations later on involve a broader family of Gelfand- 
Shilov spaces. More precisely, for any s 3 , t 3 > 0, j = 1,2, the Gelfand- 
Shilov space Sffiff (R 2d ) consists of all F G C' 00 (R 2d ) such that 

< Al“' + “>+' s ‘ +fc l(a 1 !) I ‘(Q 2 !)* 2 (ft!)‘>(&!) fa 

(1.3) 

for some h > 0, with topology defined in analogous way as above. In 
the same way, (R 2d ) consists of all F G G°°(R 2d ) such that (11.31) 
holds for every h > 0. 
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The following proposition explains mapping properties of partial 
Fourier transforms on Gelfand-Shilov spaces, and follows by similar 
arguments as in analogous situations in | 8 ]. The proof is therefore omit¬ 
ted. Here, F and JFoF are the partial Fourier transforms of F(x i,x 2 ) 
with respect to x± G R d and x 2 G R d , respectively. 


Proposition 1.1. Let Si, s 2 ,ti,t 2 > 0. Then the following is true: 

( 1 ) the mappings and & 2 on J^(R 2d ) restrict to homeomor- 
phisms 


& : Sfft 2 (R 2d ) ^ SU’t! 



( 2 ) the mappings arid #2 on are uniquely extendable 

to homeomorphisms 

*1 • (s;;:SY(R 2d ) -> (s:; : «)'(r m ) ■. r 2 “) (s t *‘g)'( r 2 “) 

The same holds true if the -spaces and their duals are replaced 
by corresponding E ^ 1 ’/ 2 -spaces and their duals. 

The next two results follow from [7J. The proofs are therefore omit¬ 
ted. 


Proposition 1.2. Let S\, s 2l ti,t 2 > 0 be such that si + ti > 1 and 
s 2 +> 1. Then the following conditions are equivalent. 


(1) F G S££ l 


R 2d ); 


(2) \F{ Xl ,x 2 )\ ^ e 
for some h > 0 . 


< p~h (1X11*1+1X21*2) 


1 

I ^2 1 


and |F( 6 , 6 )| ^ e 


-/i(|ai s i+| 6 l S2 ) 


Proposition 1.3. Let Si, s 2 ,ti,t 2 > 0 be such that si + H > 1 and 
$2 + £2 > 1 and Sj,tj 7 j = 1,2. Then the following conditions are 
equivalent. 


(1) F G E 


s l > s 2 /T 3 2 d\ 

tl,t 2 I**- ) 


( 2 ) and 1 %,,^)! <e-^l si+ ^l a2 ) ? 

for every h > 0 . 


1 

I ^9 'l 


1.2. The short time Fourier transform and modulation spaces. 

Before recalling the definition of modulation spaces, we recall some 
basic facts about the short-time Fourier transform and weights. 

Let f> G Si (R d ) \ 0 be fixed. Then the short-time Fourier transform 

of / G 5i(R d ) is given by 
2 

(W)(T,0 = (2vr)"5(/ ) 0(. -x)e l< -^>) L 2 . 

Here (•, • ) L 2 is the unique extension of the L 2 -form on «Si (R rf ) to a 
continuous sesqui-linear form on 5i(R <z ) x 5i(R d ). In the case / G 

2 2 

4 


L p (R d ), for some p G [1, oo], then V^f is given by 


V<pf(x,f) = (2ir) if f(y)<j>(y-x)e l{y '° dy. 

J R d 

A function oo on R (/ is called a weight , or weight function, if a;, 1/a; £ 
) are positive everywhere. It is often assumed that oo is im¬ 
moderate for some positive function v on R cZ . This means that 

u(x + y) <u(x)v(y), x,y e K d . (1.4) 


If v is even and satisfies ma with oo = v, then v is called submulti- 
plicative. 

Let p, q G [1, oo], a; be a weight on R M , and let (f>(x) = n~ d ! A e~^ / 2 . 
Then the modulation space M^/(R cZ ) consists of all / G <Si(R (Z ) such 
that 


(«o 



\ q/p 

\V 4 ,f(x,£)u(x,£)\ p dxj df 


1/9 


< oo (1.5) 


(with obvious modifications when p = oo or q = oo). We put = 

Mf* 

0*0 

If g— e (M 2 +|£l 2 ) < uj(x,£) for every e > 0, then M^/(R d ) is a Banach 
space with norm (11.51) (see |T9]). Furthermore, if oo is I’-moderate for 
some v, then it is u-moderate for some new v which is submultiplicative. 
In this case, 


£i(R d ) C M™(R d ) C S;(R d ), 

M^(R cZ ) is invariant under the choice of the window function </> G 
ML \ 0, and different choices of f G MK \ 0 give rise to equivalent 
norms (11,51) . (See £9].) 


1.3. Pseudo-differential operators. Let t G R be fixed and let a G 

<Si(R 2d ). Then the pseudo-differential operator Op t (a) with symbol a 
is the continuous operator on 5i(R d ), defined by the formula 

(Op t(a)f)(x) = (2vr)" d JJ a((l - t)x + ty , Of(y) el{x ~ v ’° d V d £- (!-6) 

More generally, if A is a real d x d- matrix, then the pseudo-differential 
operator Op y4 (a) with symbol a is the continuous operator on <Si (R d ), 
defined by the formula 

(Ov A (a)f){x) = (2n)- d JJ a(x-A(x-y),f)f(y)e l{x - y ’°dyd£. dUnD' 

We note that Op f (a) = Op 4 (a) when A = t ■ I and / is the identity 
matrix. The definition of Op y4 (a) extends uniquely to any a G 5i (R 2d ), 

and then Op A (a) is continuous from Si (R d ) to S[ (R d ) (cf. e. g. [TTlfTS] ). 

2 2 
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More precisely, if a G S[ (R 2d ), then Op j4 (a) is defined as the continuous 

2 

operator from dh (R d ) to S[ (R d ) with the kernel 
2 2 

K A , a ( x j y) = {^ 2 la )( x - A ( x -y), x ~ y )■ (i-7) 

It is easily seen that the latter dehnition agrees with (II.6j) / when a G 
L\R 2d ). 

If t = then Op 4 (a) is equal to the Weyl operator Op™ (a) for a. 
If instead t = 0, then the standard (Kohn-Nirenberg) representation 
a(x, D ) is obtained. 

1.4. Symbol classes. Next we introduce function spaces related to 
symbol classes of the pseudo-differential operators. These functions 
should obey various conditions of the form 

\d a f{ x )\<e ]A a\ s e h ^\ (1.8) 

Definition 1.4. Let s > 0. 

(1) The set T^°(R d ) consists of all / G C'^R'*) such that for some 
e > 0, (jl.8p holds for every h > 0. 

(2) The set T“ s (R d ) consists of all / G C'°°(R d ) such that for some 
h > 0, ()1.8p holds for every £ > 0. 

(3) The set T^R 0 ') consists of all / G C°°(R d ) such that (jl.8p 
holds for some £,h > 0. 

Next we introduce some convenient weight classes. 

Definition 1.5. Let s > 0. Then g? s (R d ) consists of all u G Lj^ c (R d ) 
such that lu > 0 and 

u{x + y) < u>(x)e cMs , x,y e R d , (1.9) 

for some positive constant c. 

Remark 1.6. Assume that (11.91) is true for some s < 1. Then by [ ID] 
Lemma 4.2], (11.91) is true also when s — 1, for some other choice of 

the constant c > 0, if necessary. Furthermore, since e c ^ < e h hl s for 
every h > 0, it follows that (1 1.9 p is true for every c > 0 in this case. In 
particular, 

e~ h W° < e“ cN < u(x) < e cN < 

r\j \ J r\j 

for some c > 0 and every h > 0. 

In Section [3] we shall investigate algebraic properties for pseudo¬ 
differential operators with symbols in the classes given in the following 
definition. 

Definition 1.7. Let s > 0 and let to G £P s (R 2d ). The set S'i“\R 2d ) 
consists of all a G C^R 2 "*) such that 

6 







for every e > 0. 

Remark 1.8. Let s > 0 and u £ ^ s (R fl ). By Remark 11.61 it follows that 
(R d ) is contained in rg° s (R d ). Furthermore, if in addition s < 1, 

then it follows from the same remark that s!f J> (R d ) is contained in 
r^°(R fZ ), as well. 


Later on we also need the Propositions 11.91 and II. 101 below. The first 
proposition deals with convenient sequences which converge to a given 
element in r^°(R d ). Here the sequence f £ , £ > 0, in r£°(R d ) is said 
to converge to / £ T“(R rf ) as e —> 0 + , if for some h > 0 we have 
11 / — fe\\s,h,r —> 0 as £ —> 0 + , for every r > 0. Here 


=-dT 


s,h,r = SU P 

aeN J 


d a fh 


a 


\sh\a\ 


and for conveniency we let r^ c ’’ /l (R ci ) be the set of all / £ C'°°(R d ) such 
that \\f\\ sXr < oo for every r > 0. 


Proposition 1.9. Let s > h > 0, / £ r^(R d ) and f £ = e 
e > 0. Then f e —>■ f m r^°(R‘ i ). 


Proof. Let <f £ = e ' * 2 . Then f £ = (j) £ f, and there are constants C, c, h 0 > 
0 which are independent of e > 0 such that 

\d a (f £ (x)\ < Ch l o l £^a\h~ CE W 2 . 


For conveniency we also let 


Then \\f\\ s ,h,r = sup a 
By Leibniz rule we get 


s,h,r,a — 
s,h,r,cr 


\ e -r\'\‘ d a /||j 


a 


\shH 


d a fs = Y,( a ) dl ^- da ~' Y f- 

7<a 

Hence, ife<r<l,s = | and h\ > 0, then 

II fe ~ fWsM^a < Ji(s,hi,r,e) + J 2 (s,hi,e,a), 


where 


Ms, hi,r,£) 


sup 

aE~N d 


e ~ r \' l 2 (l — e~ £ l' \ 2 )d a f\\ L - 
a\ s h ^ 


and 


J 2 (s,hi,£,a) = (a\ s h^) 1 ^ 

07^7 <ct 


\\dMe\MW~ 1 f\\u 
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Evidently, since / G T“’ fe (R fZ ), it follows by straight-forward esti¬ 
mates that Ji(s, hi, r, e) —* 0 as £ —» 0 + . For J 2 (s, hi, e, a) we have 



provided hi is chosen larger than ho + h. This gives the result. □ 


The next result concerns mapping properties of T“ spaces under 
trace operators. Let Vf and V 2 be vector spaces such that 

V,,V 2 C R d and Vi © V 2 = R d , (1.11) 

and let xq G V 2 be fixed. Then the trace operator Ty from C°°(R <i ) 
to C°°(Vi) is dehned by the formulae 

(T v „f)(v) = f(y,x „), y e Vi, F=(U,U). 

Proposition 1.10. Tef V = (V \, I/ 2 ) and, xq G V 2 , where V\ and V 2 
are as in (II.lip . Then Ty restricts to a continuous mapping from 
T“(R d ) to Tf ) (Vi). 

Proposition II. 101 is a straight-forward consequence of the definitions. 
The verifications are left for the reader. 


2. The short-time Fourier transform and regularity 


In this section we deduce equivalences between conditions on the 
short-time Fourier transforms of functions or distributions and esti¬ 
mates on derivatives. 

In what follows we let k be dehned as 

1 when r < 1 , 

2 r ~ 1 


K[r) = 


( 2 , 1 ) 


when r > 1 . 

In the sequel we shall frequently use the well known inequality 
\x + y\* < K(s -1 )(|a;|* + |j/|*), s > 0, x,y e R d . 

Proposition 2.1. Let (j) G E s (R d ) \ 0, s > h G R and let f G 

1 S 1 (R d ). Then the following is true: 

2 

(1) If f G C'^R'*) and satisfies 

\d a f(x)\ <e h W°eW(a\y, (2.2) 

for every e > 0 (resp. for some £ > 0), then 

for every £ > 0 (resp. for some new £ > 0J; 


(2,3) 







(2) If 

IW(x,e)|<e'‘W i -lfl i , (2.4) 

for every e > 0 (resp. for some e > 0), then f G C , °°(R d ) and 
satisfies 

\d a f(x)\<e^ s ~ 1 )hlx ^£ H (a\y, 

for every e > 0 (resp. for some new £ > 0). 

Proof. We only prove the assertion when (12.21) or (j2.4j) are true for every 
e > 0 , leaving the straight-forward modifications of the other cases to 
the reader. 

Assume that (12.21) holds. Then for every x G R rf the function 


V F x (y) = f(y + x)<j>(y) 

belongs to E s , and 

\dyF x (y)\ < e K{s ~ 1)h ^e- holy ^£ H (a\) s , 

for every e, ho > 0. In particular, 

\F x (y)\ < e <s- l )h\x\~s e - ho \ y y and \f x (£)\ < e n{s-')h\x\ l s e -h 0 \£,ys ^ 

( 2 - 5 ) 

for every h 0 > 0. Since \V<pf(x, £)| = |-F X (£)|, the estimate (12.31) follows 
from the second inequality in (12.51) . This proves (1). 

Next we prove (2). By the inversion formula we get 

/O) = (2tt)“^ ||0 ||" 2 2 [[ V<pf (y, rj)(f){x - y)e l{x ’ v) dydy. 

J J Rid 

By differentiation and the fact that <f> G E s we get 


|9"/WI 


E 

/3<a 


/v 1 y/ 2d v ^ v<i> f( y,r) ' ) ( da p( t>){ x ^yy {x,ri)d v dr i 


< 


y<a 

E 


R2d 


\yvy{y,rj){d a y)(x-y)\dydr] 


< 


(3<a 

^ \ ^\a—/3\ 


n 2d 


\ife £ \^\ 3 e h ^ s (d a 0 4>)(x — y)\ dydp 


~ E ( s )4“"' ,| (a - nr // dyd, h 


for every £ 1 > 0 and £ 2 > 0. Since 


\ v l3 e -e\ V \s\ < £ \P\^s e -eHs/2^ 
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we get 


I d a f(x)\ 


< 

rsj 



m 


,-e|»7l*/ 2 e %l® ( 


,—ei\x—y\ s 


R 2 d 


dydrj 


< ( 2 1 - s £ 2 )H ( a !) 5 / e hW e -zi\x-y\s dy 


I R" 


Since \y \» < k(s 1 )(|a:| * + \y — x \«) and £\ can be chosen arbitrarily 
large, it follows from the last estimate that 


\d a f(x)\ < (2s 2 )\ a \a\) s e h ^ s ^. 
for every e 2 > 0. This gives the result. 


□ 


As a consequence of the previous result we get the following. 

Proposition 2.2. Let 0 G S s (R d ) \0, s > \ and let f E S[ (R d )- Then 

2 

the following conditions are equivalent: 

(1) / 6 rS»,(R J ) (resp. f 6 

(2) there exists a constant h > 0 such that 

for every e > 0 (resp. for some e > 0). 


By similar arguments we also get the following. 

Proposition 2.3. Let 0 G iS s (R d ) \0, s > h and let f E S( (R d )- Then 

Z 2 

the following conditions are equivalent: 

(1) / e r“(R d ); 

(2) there exists a constant h > 0 such that 

IWMI < e‘ wi -* l£l f 

for every e > 0. 


3. Continuity and composition properties for 

PSEUDO-DIFFERENTIAL OPERATORS 

In this section we deduce continuity, invariance and composition 
properties for pseudo-differential operators with symbols in the classes 
considered in the previous sections. In the first part we show that for 
any such class S, the set Op A (S) of pseudo-differential operators is in¬ 
dependent of the matrix A. Thereafter we deduce that such operators 
are continuous on Gelfand-Shilov spaces and their duals. Finally we 
show that these operator classes are closed under compositions. 
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3.1. Invariance properties. An important ingredient in these con¬ 
siderations concerns mapping properties for the operator e l i AD iPx) j n 
fact we have the following. 

Theorem 3.1. Let s > oj G RA s (R 2d ), Si,s 2 ,ti,t 2 > 0 be such that 
si+fi>l, s 2 +t 2 >l, si < s 2 and t 2 <t\, 
and let A be a real d x d matrix. Then the following is true: 

( 1 ) ed AD ^ D x) on S^( R 2d ) restricts to a homeomorphism on Sy d ^(R 2d ), 
and extends uniquely to a homeomorphism on («S^ 1 ’^) , (R 2d ); 

(2) if in addition (si,ti) y (|, |) and(s 2 ,t 2 ) 7 ^ (|,|), then e l i AD v D A 
on dX(R 2d ) restricts to a homeomorphism on E^'^R 2 ^), and 
extends uniquely to a homeomorphism on (Ej 1 1 ’^) / (R 2d ); 

(3) e l ( AD t> D x) a homeomorphism on r^°(R 2<i ). If in addition s > 

then e l (- 4 D v D d i s a homeomorphism on r^ s (R 2d ); 

(4) e l { AD H’ D A i s a homeomorphism on Si^\ R 2d ). 

Corollary 3.2. Let s,t > 0 be such that s < t. Then e l ( AD t’ D A i s a 
homeomorphism on 5 t s (R 2d ) 7 Ef(R 2d ), (Ef)'(R 2d ) and on (<S t s )'(R 2d ). 

The assertion (1) in the previous theorem is essentially a special 
case of Theorem 32 in [20]. In order to be self-contained we present a 
complete but different proof. 

We need some preparations for the proof and start with the following 
proposition. 

Proposition 3.3. Let s > be a Gaussian on R 2(i and let uj G 
& s (R 2d ). Then the following conditions are equivalent: 

(1) a G S^(R 2d ); 

(2) a G E;(R 2d ) and 

\ d « x (e*<*s>y 0 a (x,S))| <a;(X)£ |a| (a!) s e - R l s|i , (3.1) 

for every a G N d , £ > 0, R > 0, and X , 5 G R 2d ; 

(3) a G E^R 2 ^) and (13.Ill holds for a = 0, for every R > 0. 

Proof. Obviously, ( 2 ) implies (3). Assume now that (1) holds. Let A" = 

= (y,v) and 

F a (X, Y) = a(X + Y)c/>(Y). 

By straightforward application of Leibniz rule in combination with (11,91) 
we obtain 

\d a x F a (X, Y)\ < u(X)e- R W°eW(a\) s 
for every £ > 0 and R > 0. Hence, if 

(d£F a )(X,Y) 


G v ,x(Y) 


o;(A")£l"l(a!) s ’ 

li 





then {G a)£ x}x&n? d is a bounded set in £ s (R d ) for every fixed £ > 0. If 
JF 2 Fa is the partial Fourier transform of F a (X, Y) with respect to the 
Y-variable, we get 


\& 


(J? 2 F a )(X,(,z) | 


< w(A')e“' R(l * l * +lfl * ) e |a,| l 


a! 


for every R > 0, £ > 0. This is the same as (2). 

It remains to prove that (3) implies (1), but this follows by similar 
arguments as in the proof of Proposition 12.11 The details are left for 
the reader. □ 

Proposition 3.4. Let q G [1, oo], s > (j) G £ s (R 2d )\0, to G ^P s (R 2d ), 

and let 

UR(x,Z,r},y) = cn(x,Oe _ ' R(l2/|s+|7?|s) . 

Then 


s|“ } (r m ) 


n =n y“h)( RM ) 

R >0 R >0 


— ( _ 'j { a G Si (R d ); \\uJ R 1 V ( f ) a\\L°°,<i < oo }. (3.2) 

R> 0 

Proof. The hrst equality in (13.21) follows immediately from Proposition 
13.31 We need to prove that S^(R 2d ) is equal to the last intersection 
in (13.21) . Let 0 O G £ s (R 2d ) \ 0, a G £((R M ), and set 

F 0 , a ( x , Y ) = m o a)(x,^ri,y)\, F a (X,Y) = |(V*a)(x, £, rj, y)\ 

and G(X,Y) = |(P^o)(z, r?, 2/)|, 

where X = (x, £) and Y = (y,rj). Since V^cp o G £ s (R 4d ), we have 

0 < G(X, Y) < e -*(l*l‘+IY‘) f or eve ry R > 0. (3.3) 

By p5J Lemma 11.3.3], we have F a < F 0 ,a * G. Since s > |, we obtain 

■ F a )(X,Y) 

< cuiX)-^ l y l" Jf F 0ja (X - X u Y - Y 1 )G(X 1 , Yi) dX 1 dY 1 
< jj • F q , 0 )(X - X U Y ^Y x )G x (X u Y x ) dX\dY\ (3.4) 

for some G\ satisfying (13.31) and some c > 0. By applying the L°°-norm 
on the last inequality we get 


^rKWloo < sup 

Y 

< sup (II 

Y 


Jj (sup(u-^-F 0ja ){;Y-Y 1 ))G 1 {X u Y 1 )dX 1 dY 1 

' -G),a)(' — (0, y)||L-.«||Gl|| L 1 ^' X ll^aR ' -^ 0 , 0 1 
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We only consider the case q < oo when proving the opposite inequal¬ 
ity. The case q = oo follows by similar arguments and is left for the 
reader. 

By (13.41) we have 

\\u~~ 1 ■ F IP 
ll^ij 1 a II 


< 


< 


f T (// (t ^ ' F °’ a){X ~ Xl ' Y ~ YX)G[XU Yl) dX ' (lY ') q dY 

(II sup^ ■ F 0 a ) (•, Y - G(X U Y 1 ) dXrfY^j ‘ dY 

i \i 

-yp., dXidYl dY 


< \\oj^ D ■ Ft 


2 cR ' r 0 , a \\ L co 


\0J. 


-1 
2 cR 


■Ft 


0,a 


||<? 


By interchanging the roles of </> and </> 0 we get 

' ^0,a || L 00 ’ 1 ? 11 ^2cR ‘ -falU 00 ; 

and the result follows. □ 


Remark 3.5. Let 

uJ h ,eA x iO = e 

when h, s, £ > 0. If s > then 


— *-e|?| ® 


rs° i (R‘') = U fl M i 


oo 

3/^h,e,s) 


h >0 \e>0 


: Rj )) = ufn M (vL.„)( Rj )) 

/ h >0 \£>0 / 


(3.5) 


If instead s > then 


iy( R ") = U fl M i 


oo 

(1/^ e,h,,s ) 


/l>0 \e>0 


: Ri )) = U fn M (vW,(«■“>) 

/ /l>0 \£>0 / 


(3.6) 


In fact, the hrst equalities in (13.51) and in (13.61) follow from Propositions 
12.21 and 12.31 The last equalities follow by similar arguments as in the 
previous proof. 


Proof of Theorem, \3 . 1[ (1) Let a € ^(R 2 ^). By straight-forward com¬ 
putations we get 

(«^ir 1 ( e “ t<i4£>e ’' D “ >a ))( a; - A ViV) = 

This implies that e ~ l ( AD ^’ D ^) — j^ 2 o Ua ° i where Ua is the map 
given by ( U A F)(x,y ) = F(x + Ay, y). 

13 








We need to show that Ua is continuous on (S J ? 1 1 ’ i t ! 2 (R M ). Let G = UaF , 
where F G S^’^(Ti 2d ). Then 

G(x,y) = F(x + Ay,y) and G(£,r}) = F(£,r) - A*rj), 

where A* denotes the transpose of A. By Proposition 11.11 and the as¬ 
sumptions on Sj and tj, there are constants Ci,C 2 ,r > 0, depending on 
A, s and t only such that 


\G(x,y)\ = | F(x + Ay,y)\ < e -dh+^+hl^) < e -ar\x\^-c 2 r\ y \^, 
and 

|G(£,t?)| = |F(£, r] — A*£)| < e~ r(l€l ^ +|,, “ A * f|35) < e -^r\^-c 2 r\ v \^ _ 

The result now follows from these estimates and the fact that the topol¬ 
ogy in Sg;g( R 2d ) can be defined through such estimates. 

The assertion (2) follows by similar arguments as for the proof of (1) 
and is left for the reader. 

Next we prove (4). First we consider the case s > |. Let </> G £ s (R 2d ) 
and (f>A = e^' 4D? ’ Dx '>0. Then (f>A G S s (R 2d ), in view of (2). 

Also let 

WA,fl(2, f , V, y) = u(x - Ay, £ - A*7i)e~ R{lyl s +H s} . 

By straight-forward applications of Parseval’s formula, we get 

a)){x,^r],y)\ = \ (V^a)(x - Ay, £ - A*rj, r), y) \ 

(cf. Proposition 1.7 in [T7] and its proof). This gives 

= \\^A]R V 4>A{ el[ADi,Dx)a )\\L^- 

Hence Proposition 13.41 gives 

a G S^fR 2 **) WuniVbaW l<*> < oo V R > 0 


1 

I TT. 


1 

177 



IT 

1 o~ 


\\Ut}V <P A( e 

<=> 

03 

r-l 0^ 

1 O 

_3_ 


e i{AD ( ,D x ) a 


^ AD ^ D A a \\\ Loo < oo V R > 0 


and the result follows in this case. Here the third equivalence follows 
from the fact that 

^ 0 ,R+c ^t,R ^ ^ 0 ,R—ci 

for some c > 0. 

It remains to consider the case s — |. Then S^°\ R 2d ) is contained in 
the set of real analytic functions on R 2/ which are extendable to entire 
functions. Hence, if a G (R 2d ) and b = e l ( AD C’°x)^ then 

oo .u 




k =0 
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Now let e > 0 and let ho > 0 be chosen as the maximum value of the 
modulus of the matrix elements in A. Since the number of terms in 
(AD%, D x ) is at most d 2 , it follows from the latter equality and (11.101) 
that 

\DtD]b(x,Q\ < max | (D^D^a) (z, f)| 

fc=0 

< u(x, f) f ' £ 2 \P\+\i+&\ max f(o; + 7)!(/3 + <5)!) 2 

^ k\ \a\=\P\=k V ’ 

k= 0 

< uj(x, (-yU!)^ (x/2g)l' y+<5 l - max (cd/3!) 2 

“ A;! |«|=|/3|=fc v ’ 

k =0 

oo 

<n;(x,e)(7!d!)^(V2£) l7+<5| ^( 2 d 2 h 0 £ 2 ) fe 

k=0 

< u>(x, ^)(7!d!)^(v / 2£) l7+<51 , 

provided £ is chosen smaller than (2d 2 /i 0 ) - ^. Here the third inequality 
follows from 

(/3 + <S)! < 2l /3+5 '/3!(5!. 

Hence b G S'i aJ ' ) (R M ). In the same way it follows that a G S'i“ , (R 2d ) 
when b G (R 2d ) , and (4) follows. 

Finally, (3) follows by similar arguments as (4), using Remark 13.51 
instead of Proposition 13.41 The details are left for the reader. □ 

We note that if A, B are real d x d-matrices, and a belongs to 
(R 2d ) or r^(R 2d ), then the first part of the previous proof shows 
that 

Op A (a) = Op B (b) e~ i{AD ^ Dx) a = e~ i{BD ( ’ D A b _ (3.7) 

We have now the following. 

Theorem 3.6. Let s, Sj, tj be as in Theorem Id. 11 let A and B be 
real d x d matrices, and let a and b be suitable distributions such that 
Op A (a) = Op B (b). Then the following is true: 

(1) a G <S££ 2 (R 2d ) if and only ifb G (R 2d ), anda G (<S^ 2 2 )'(R 2d ) 

if and only if b G («S£;£) , (R 2d ); 

(2) a G S^4(R M ) if and only if b G ^(R“), anda G (£^ 2 )'(R 2d ) 
if and onlyifbe( S^)'(R M ); 

(3) a G r~(R M ) if and only if b G r“(R 2d ) ; and a G r“ s (R 2d ) if 
and only if b G r“ s (R 2d ); 

(4) a G Si u) (R 2d ) if and only if b G ^ } (R 2d ). 

15 










Let s > | and uo be as in Definition 11.51 Let <f> G E s (R 2d ). Since any 
element in & s (R 2a! ) is n-rnoderate for some v, it follows from Proposi¬ 
tion [2J] that 

a G 5|^(R m ) < ^(x,Oe- £(|y|i+|r ' |i) (3.8) 

for every e > 0. 


3.2. Continuity for pseudo-differential operators. The first re¬ 
sult follows by choosing p = oo and q — 1 in Theorem 6.2 in [18j |. 


Proposition 3.7. Let s > I, k be as in m- Letp,q G [l,oo], hj, r 3 G 
R, j = 1,2, and 


If 


^(x,£)=eMM^iy j = 1,2, 

uj(x,£,ri,y) = e -nd*l«+KlWlvl*+M*) 

n(s~ 1 )h 2 + 2~^ri < r 2 and /c(s _1 )(/i 2 + rf) < hi, 


(3.9) 


(3.10) 


and a G ALT’ 1 (R 2d ), then Op™ (a) from Si(R d ) to S'i(R d ) extends 


uniquely to a continuous map from M^(R d ) to AL^(R rf ). 

Proof. By Theorem 6.2 in [18j, it suffices to verify that 
u 2 (x-y/2,f + y/2) 


< 


^{x,i,r},y), 


(3.11) 


u 1 (x + y/2,f-y/2) 
and by (13.911 and (13.101) the latter inequality follows if we prove 

h 2 \2x - y\> - hi\2x + y\* < 2°{r 2 \y\» - r i|x|») 

and 

h 2 |2^ + r 7 |= h\ 1 2f, r/\^ < 2-(-r 2 |? 7 |- -ri|f|«). 

We only prove the first inequality. The other inequality follows by sim¬ 
ilar arguments and is left for the reader. 

By (13.101) we get 

h 2 \2x-y\^ - hi\2x + y\* 

< h 2 (\2x - y\« - k(s _1 ) \2x + y\i) - r^s” 1 ) |2:r + yfi 
< 2 = h 2 K(s _1 )||/|® — rin(s~ l )\2x + y\» 

< 2~h 2 K(s~ 1 )\y \® — 2^r\\x\^ + r :L ft(s~ 1 )|?/| » 

1 _i _ 1 1 1 1 11 1 

= 2»k(s ){h 2 + 2 a ri)\y \» — 2 s ri\x\ s < 2» {r 2 \y\° — ri\x \ s ). 
This gives the desired estimates. □ 
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Remark 3.8. Proposition l3.7l is valid when Op™ (a) is replaced by Op A (a) 
when A is a hxed real d x d matrix, and the condition (13.lip is replaced 
by 


u 2 (x - Ay, £ + (/ - A)r]) 


< 


u(x,£,rj,y). 


ui(x + (/ - A)y, £ - Arf) 

Here and in what follows we let / be the dx d unit matrix. This leads 
to that the conclusion in Proposition 13.71 is still valid when Op™(a) is 
replaced by Op A (a) provided the conditions on the constants in (13.91) 
and (13.101) are modified in suitable ways. 


In order to get continuity result for pseudo-differential operators on 
Gelfand-Shilov spaces, we combine the previous result with the follow¬ 
ing special case of Theorem 3.9 in [ 18] . 

Proposition 3.9. Letp,q G [1, oo], s > and set 
u h {x,0 = e h{lx ^ +l ^\ h> 0. 

Then 

U Kl>( Rd ) = s ‘( Rd >- fl = S »( R *), 

h> 0 h> 0 


fl M (i%J R “) = U M alJ Rd ) = ^( Ri )- 

h> 0 h> 0 

We have now the following. 

Theorem 3.10. Let A be a fixed real d x d matrix, s > \, and let 
a G r~(R 2d ). Then Op A (a) is continuous on E s (R d ), and on E' s (R d ). 

Proof. By Theorem 13.11 it suffices to consider the Weyl case A — | • I. 
Let i j 

w e (x,£,ri,y) = e -"(OMH*+KI*)4*(|i/|«+M*). 

Then it follows by Proposition 12.11 that a G for every e > 0. 

Taking e sufficiently large we can choose positive 

h 2 = h 2 , £ = k ( s _1 ) _1 £ — and hi = hi i£ = hi(s~ 1 )(h + h 2 ). 

Then taking c Oj = ui hE as in (13.91) . the hypothesis in Proposition 13.71 is 
fulfilled. Hence Op™ (a) is continuous from ^ to ) for every 

sufficiently large e. 

The assertion now follows from Proposition 13.91 □ 

The next result follows in the case s > | by similar arguments, 
after Proposition 12.11 has been replaced by Proposition 12.21 In order to 
recapture also the case s = | we adopt a different argument used in |2j 
for similar statements. 


Theorem 3.11. Let A be a fixed real d x d matrix, s > h, and let 
a G r~(R 2d ). Then Op A (a) is continuous on iS s (R d ) and on iS'(R d ). 
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Proof. By Theorem 13.11 it suffices to consider the case A = 0, that is 
for the operator 

Op 0 ( a )f(x) = (2ix)-i f 

J R d 

The proof can be easily extended to Op^(a) for general A. 

First let 

OO j 

= r>0, 

3=0 KJ ' J 

and set 

m StT (x ) = 7ti s (t(x) 2 ), t > 0, x G R d . 
ft follows from (Tz 

C -l e (2s-e)r,*{x)i < < Q e (2a+e)n* (x)‘> 

for every £ > 0. Moreover we have 


that m SjT (x) satisfies 


1 00 7 

1 \ T J 


™s,A x ) 0V 


X ( )'!i2s ( 1 


<z,£} _ e »(s,f). 


For fixed a, /? e N d , we have 
(2vr)5x“T)f(Op 0 (a)/)(a;) 

wf'h [ CDfa(x,OMy M di; 


= X 




/ \ XI )^,/3, 7 0), 

^ S ,r(^)^V7/ 


(3.12) 


where 


W*) = E 7^37 / (! - A f) J [rOf" 7 a(*.e)/K) 


i=o u ’ 


/ n/' 


D *(z,£) 


de- 


By (11 .8(1 . there exist e,hiiC >0 such that 


I W*)l < e ‘ W ’ E ( C ' T )'' £l '’" ll (/ 3 - 7)!‘ / d £. 


1=0 


R d 


for every h > 0. 

Hence, taking h sufficiently small, letting r < C ~ l , and using (13.121) 
and standard estimates for binomial and factorial coefficients, it follows 
that there exists h > 0 depending only on s and r only such that 

sup |x“.D£(Op 0 (a)/)(x)(</7“+' ! l( a !,3!)‘. 

xeR d 

This concludes the first part of the proof. The extension to the dual 
space 5((R d ) is straightforward and is left for the reader. □ 
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The following result follows by similar arguments as in the previous 
proof. The verifications are left for the reader. 

Theorem 3.12. Let A be a d x d real matrix, s > 4 and let a G 
T“ s (R 2d ). Then Op j4 (a) is continuous from £ s (R a! ) to tS^R 0 '), and 
from <S'(R d ) to E' s (R d ). 

Remark 3.13. Let A be a d x d real matrix, s > oj G <^ s (R 2d ), and 
let a G S s ^(R M ). By Remark 11.81 and Theorem 13.101 it follows that 
Op^(a) is continuous on S s (R fZ ) and on S'(R d ). 

If instead \ < s < 1, then Remark 11.81 and Theorem 13. 11 1 show that 
Op A (a) is continuous on iS s (R d ) and on d>'(R d ). 

3.3. Compositions of pseudo-differential operators. Next we de¬ 
duce algebraic properties of pseudo-differential operators considered in 
Theorem 13.11 We recall that for pseudo-differential operators with sym¬ 
bols in e. g. Hormander classes, we have 

Op 0 ( a i#oa 2 ) = Opofai) o Op 0 (a 2 ), 

when 

ai#o a 2 {x ,0 = (e l{D t’ Dy) (a 1 (x,£)a 2 (y,r))) 

(y,r))=(x,t) 

More generally, if A is a real d x d matrix and ai#^a 2 is dehned by 

ai # A a 2 = e i{AD ^ (( e - i < j42? €- D * > a 1 )# 0 (e- <<AZJ e’ ZJ *>a 2 )) , (3.13) 

for ai and a 2 belonging to certain Hormander symbol classes, then it 
follows from the analysis in m that 

OPn(«i#Aa 2 ) = (Op A (ai) o Op A (a 2 )). (3.14) 

By Theorem 13.11 the definition (13.1311 still makes sense for symbol 
classes considered in Theorem 13.11 and in the following result we show 
that (13.1411 holds true for such symbol classes. 

Theorem 3.14. Let A be a realdxd-matrix, and letujj G ^ s (R 2d ), j = 
1, 2. Then the following is true: 

(1) Ifs>\, aj G S^\R 2d ),j = 1,2, then tn# A a 2 G ^ 10J2) (R 2d ), 
and (13.14ft hold true. 

(2) If s > aj G T“ s (R 2d ), j = 1,2, then ai# A a 2 G T“ s (R 2d ), and 
(13.141) hold true. 

(3) If s > aj G T“(R 2d ),j = 1,2, then ai# j4 a 2 G T£°(R 2d ), and 
(13.14ft hold true. 

For the proof of Theorem 13.141 (3) we have the following. 

Proposition 3.15. Let h > 0, A be a real dxd-matrix, a,b G T“(R 2d ), 
and set a £ue2 (x,tf) = e — 2 la(x,£), £\,£ 2 > 0. Then the follow¬ 
ing is true: 

(1) a ei,£ 2 #o^ > a #ob as £ ii £ 2 > 0+. 
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(2) Op 0 (a £l!£2 )g Op 0 (a)g as £ ll £ 2 0+ 7 and g G 5i(R d ). 

Proof. The assertion (1) follows from Proposition 11.91 and its proof, 
Proposition 11.101 and Theorem 18.11 (3). 

(2) Let g e be defined by ff £ = e _£ l' I g, and let 

a e (z,0 = e~ £lxl2 a(x,£). 

Then g £ —>• g in 5i(R d ), and (1) gives a £ —* a and a £lj£2 —* a in 

r °°,/n(RM) ag o+. 

2 

This gives 

lim ( lim (Op 0 (a eiiea )^)) = lim ( lim e" £l| ' |2 (Op 0 (a)^ £2 )) 

£1^0+ £ 2 -K)+ ' £1^0+ V £ 2 ->0+ ' 


and (2) follows. 


= OPo (a)g, 

□ 


Proof of Theorem 3.14 \ (1) By the previous proposition, it suffices to 
consider the Weyl case, A = \ ■ I. Let uj q = uqa; 2 , and set 


u3 jtR {X,Y)=uj j {X)e 


-R\Y\~- 


J = 0 , 1 , 2 . 


We claim 

1 1 1 
u 0 ,r(X,Y) ~ UhRo {X-Y + Z, Z) ' u 2tRo {X + Z,Y - Zy (3 ' 15) 
for some R 0 = cR + c 0 , where c and c 0 are independent of R > 0. 

In fact, 


1 

coo ax ^y) 


e R\Y\ X s e cR\Z\ X s e cR\Y-Z\T 

co 0 (X) ~ 


e cR|Z|i e co|y-Z|i e cR|y-Z|i e co|Z|i 

~ ui(X-Y + Z) ' w 2 (X + Z) 

1 1 
“ Wi,flo (* - V' + Z, Z) ' a; 2 , Ro (X + Z, F - Z) ’ 
for some i? 0 = cR + Co, where c, Co are independent of R. 

Now assume that aj G sA\j = 1,2. Since is contained in 

M(T/w for every i? > 0, Theorem 6.4 in [18j and (13.1511 show that 
ai#a 2 is uniquely defined and belongs to for every R > 0. 

That is, ai#a 2 G f| M ™/1 0 R ) = S ^° ] ■ 

R> 0 

The result now follows from the fact that Op“(ai#a 2 ) = Op * 1 '" (ai) o 
Op“(a 2 ) when a\ G r) ( R 2d ) and a 2 G 5i(R 2d ), that 5i(R 2d ) 

is narrowly dense in M^fA n ), and that a i# a 2 ,j —> &i#a 2 narrowly as 
a 2 j a 2 narrowly. 
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The assertions (2) and (3) in the case s > \ follow by similar argu¬ 
ments as the proof of (1), and are left for the reader. The assertion (3) 
in the case s = | follows from Proposition 13.151 □ 
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